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Sufficient conditions are established for the product of two ranked partially ordered sets to 
have the Sperner property. As a consequence, it is shown that the class of strongly Sperner 
rank-unimodal rank-symmetric partially ordered sets is closed under the operation of product. 
Counterexamples are given which preclude most small variations in the hypotheses or cnnclu- 
sions of the two main results. 
1. Introduction 
A finite ranked partially ordered set is said to be Sperner if no antichain has 
larger cardinality than the largest rank, and is strongly Sperner if no union of k 
anti-chains is larger than the union of the k largest ranks. 1%~ showing that a 
certain poset has the Sperner property (using algebraic geometry) Stanley [lo] 
was able to prove a conjecture of Erdiis and Moser in extremal number theory. 
While considering Stanley’s results, Peck [8] was led to ask the following 
question: Does the product of two rank-symmetric rank-unimodal strongly 
Sperner posets also have these properties? He was unable to answer this, but he 
was able to provide a partial solution. In this paper we answer this question in the 
affirmative, using elementary linear algebra and combinatorics. Surprisil\gly, there 
does not seem to be a straightforward combinatorial proof. 
Our methods also yield sufficient conditions for the product of two rank- 
unimodal posets to have the Sperner property. For rank-unimodal posets, the 
conditions we present are in some sense best. We give simple counter-examples 
which illustrate this; a more precise explanation of the necessity of these condi- 
tions is given in Saks [12]. 
Several other authors have studied the relationships between the properties of a 
product order and those of its factors. Harper [6] and Mleitman and Hsieh [*I] 
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proved that the product of two LYM orders with log concave Whitney numbers 
inherits those properties. Griggs [S] showed that the product of two symmetric 
chain orders is a symmetric chain order. 
Th; proof uses the result (due to Stanley and Griggs) that the strong Sperner 
property in a rank-unimodal poset is equivalent to the existence of certain linear 
operators on the vector space generated freely by the elements of the poset. We 
construct an operator on the space of the product of two posets from the 
operators associated with each factor, and show, assuming the appropriate 
hypotheses, that this operator has properties which imply that the product is 
Sperner. With the USC of a simple combinatorial trick, we then prove that the 
product of two strongly Sperner rank-unimodal rank-symmetric posets is strongly 
Sperner. 
Let ;P, S) be a finite partially ordered set (pose?). A ranking of P is a partition 
of P into (possibly empty) sets Pi (i E 2) such that, for each i, every element in Pi 
is covcrcd only by elemtznts in Pi+ 1. The set Pi is called the ith rank of I? This 
definition of a ranked ;;oset is slightly broader than the standard definition which 
additionally requires that all of the minimal elements of P be in PO. 
The Whitney numbers of a ranked poset P are {pi : i E Z}, where pi is the 
cardinality of f,. Let pk be a largest Whitney number; we say P is rank-urzimodnl 
if P,-‘P, I for isk and pi api+, for i 2 k. The Whitney numbers are said to be 
symr~ze~ric, or P is said to be rurtk-synrnwtric, if there exists a d such that pi = pd_i 
for all i. 
A chairs of P is a totally ordered subset of P. An anti-chuirz is a subset of 
pairwise incomparable elements. A k-family is a subset of P containing no chain 
of size k + 1. Equivalently, a k-family is a union of k (possibly empty) antichains, 
so that if P is ranked, any union of k ranks is a k-family. P is said to be Spewer if 
the rank of largest size is an antichain of maximum size, and P is k-Sperner if the 
union of the k largest ranks is a k-family of maximum size. P is strongly Sperner if 
it is k-Sperner for all k 2 1. P is a Peek pose? if it is strongly Sperner, rank- 
unirnodal, and rank-symmetric. 
For k 2 1, we let [k] denote the totally ordered set { 1,2, . . . , k} ranked by 
assigning tlement i to level i. 
I& p and 0 be ranked posets. The product poset Px Q is defined to be the set 
of all I’“ir<$ (a. 6). a E f, 6 E 0, with the osrder given by (a, 6) ~(a”, 6’1 if and only if 
~4 c (1’ and 6 s h’. Let R = P X Q. The rsnkings of P and Q induce the following 
ranking on R: 
K Dlcnt Whitney numbers r, = x, p,q, ,. 
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We say that P and Q are compatilde if the size order of the ranks of P is the 
reverse of the size order of the ranks of 0; more precisely, there exists a d such 
that for all i and i, pi C pj only if f&-i s %-j (this is symmetric in P and Q). The 
integer d (which need not be unique) is called the clr)mpatibiZity index of P and Q. 
Observe that if P and Q are compatible with index d, then & is the union over i 
of the product of the ith largest rank in P with the itdr largest rank in Q. 
3. Main theorems 
The two main results of this paper are: 
Theorem 3.1. Let P and Q be strongly Sperner rank-unimodal posets which are 
compatible. Then the product pose? PX Q is rank-unimodal and Sperner. 
Theorem 3.2. The product of two Peck posets is a Peck pose?. 
4. Lowering and raising operators 
To any finite ranked poset P we associate a complex vector space P = C& pi, 
where Pi is the space with a basis consisting of the elements of Pi. A lowering 
operator for P is any linear operator A : P -*P, such that A(Pi) E Pi - 1, and such 
that for any u E Pi, A(a) is a linear combination of elements covered by a. A 
raising operator p is defined in an analogous manner (p(Pi) c P,i+,). 
If R = P x Q, then it is easy to see that R = P@ Q and & = CB i Pi @Qkvi. Also, 
if Ap and A, are lowering operators fcbr P and Q respectively, then A& 1, + 
Ip @A, (Ip, I0 the identity operators) is a lowering operator for R since (u, b 1 
covering (a’, b’) in R means either a covers a’ and b = 6’ or Q = a’ and lb covers 
6’. We note the simple but important fact that A&3&, commutes wit.11 II’,JBA~. 
5. Conditions for the Sperner and strong Sperner properties 
In this section we present some conditions on a poset P and its assticiated space 
P which are equivalent to or imply the Sperner or strong Sperner properties. 
Lemma 5.1. Let P be a ranked pose?. Suppose there exist a lowering map A and a 
raising map p and an integer k such that the restriction Ali of A to P, is injective for 
i > k, and the restriction p(i of p to Pi is injective for i < k. Then P is rank-unimodal 
and Sperner, and Pk is a rank of maximum size. 
Proof. A(i injective fo 
for i < k implies dim 
maximum in size. 
for i > k and pli injective 
for i <: k, and thus P is unimodai with Pk 
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Let A be an antichain of maximum size in p, where &ngi+P Ii - k( is as small as 
possible. If this quantity is zero, then P is Sperner and we are done. Otherwise, let 
k( be maximum subject to Z’i n A # 8, and suppose without loss of generality 
i i>k. Then A(& n A) is a subset of Pi-1 consisting of linear combinations of 
subset S c_ Pi_, of elements covered by elements of Pi n A, so S n A = $3. Also, 
> JPi f3Al because Ali is injective. However, A’= (A\Pi) U S is an antichain 
with 
c Ii- klc c Ii-kl. 
P,t?A’M@ P,nA#b 
This is a contradiction, as IA’1 alAI- 
tn [9] Saks noted that the size of the largest k-family of a poset P equals the 
sizp of the largest antichain in PX [k]. If P is rank-unimodal, then the largest 
Whitney number of P x[k] is the sum of the k largest Whitney numbers of P. 
Wcnce we obtain the following: 
Eemmx15.2. A rank-unimodal poset P is k-Sperner if and only if P x [k] is Sperner, 
The following theorem is slightly stronger than [ 10, Theorem 1.11. However, 
the proof is essentially the same and will be omitted. ((i)H(ii) is explicitly proven 
in 14%) 
Thmrem 5.3. Let P be a finite ranked poset with Whitney numbers {pi}. The 
following conditions are equivalent: 
(i) P is rank-unimodai and strongly Fperner. 
(ii) For any i s j, there exists min {pi, Pi) disjoint chains each containing one 
element from each of the ranks Pi, Pi+ ,, e . . , Pj. 
(iii) There exist a lowering operator A and a raising operator p sue: lhnt whenever 
is ** 1. 
(a) If pi Zpi, A’-‘lj is injective. 
031 If p, s p,* pi-i(i is injective. 
6. Proof of Theorem 3.1 
Let R = Px Q and let d be the compatibility index of P and Q, so Rd is the 
largest rank of R. By hypothesis, P and Q are rank-unimodal and strongly 
Sperner, hence, there are lowering and raising operators hp, h,, pp, pQ satisfying 
condition (iii) of Theorem 5.3. Let A = (Apal)+ (I@A,), p = (&@I) + (z@pQ). 
I show that h and p satisfy the conditions of Lemma 5.1 with k replaced by 
will prove that R is rank-unimodal and Sperner. 
ccs to show that the kernel of the restriction of h to is trivial 
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whenever pn > d. (The proof for p is analogous.) Recall that R, = @i (Pi @ Q,,, +) 
and R,_, =@i (&@Qm-l-i), and that A(&,)G&,,._,. Suppose h(x)=0 I”or some 
x E Z&,,. Let x = Ci Xi, where Xi E Pi@ Qm_i. 
The projection of A(X) on thesubspace Pi@Qm-1-i is (hp@Z)(Xi+~)+(ZQDA~)(~~) 
so (Ap@Z)(Xi+l) = -(Z@A&(q) for all i. Since (A&Z) and (ZQPh,) commute we 
have by induction that for all i, j: 
(Ap@Z)i(Xi) = (-I)‘(Z@A,)‘(x,-j)* (6.1) 
The following two remarks are also useful. Suppose i s j. Then 
(Ap@ Z)jmi (Xi) = 0 and Xj # 0 imply pi < pj, (6.2) 
(I@A,)‘-‘(Xi) = 0 and Xi # 0 imply 9m-i > 4m-j. (6.3) 
Proof of (6.2). (The proof 
xj = C yb@h 
b~Qn,-, 
The string of eqvqlities 
of (6.3) is analogous). Let 
where yb E Pj. 
implies A’,-‘( yb) = 0 for all b E Qm -j. Since Xj # 0, some yb iis nonzero, and AKill has 
a nontrivial kernel. Hence, since Ap was chosen to satisfy Theorem 5.3, we 
conclude that pi CZ+ 
NOW suppose x # 0 and let i and i be the largest and smallest indices, 
respectively, such that Xi and Xj are nonzero. By (6.1), 
(Ap@Z)j+‘-i(xj) = (--l)‘+‘-i(Z@A,)‘+‘-‘(xi_l) = 0 
and 
(Z@A,)“‘-‘(Xi) = (-l)“‘-i(A,~Z)‘+l-i(Xj+~) = 0, 
since Xi-1 = Xj+l = 0. From (6.2) and (6.3) we conclude that pi-1 < pj and q,,,_i > 
%*-j-l. Rank-unimodality implies Pi-(m_d)sZIi_1 and qm-j-1 ~qm-i-~,,~-d~r SO 
Piid-m(Pi and qm-i ‘qd-j, contradicting the compatibility of P and Q. Hence 
x =o. 
7. Proof of Theorem 3.2 
Let P and Q be Peck posets. It is easy to check that the product Px Q is 
rank-unimodal and rank-symmetric. By Lemma 5.2, it suffices to show that 
(PxQ)x[k] is Sperner for all 01. 
Lemma 7.1. For any k, m 2 1, [k]x[m] is a Peck poset. 
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Roof. Rank-unimodality and rank-symmetry are easily verified. Furthermore, 
there is an obvious partition of [k] x [rn] into chains which satisfy condition (ii) of 
Theorem 5.3 for all i, j. This is well-known [ 1, 33. Hence [k] x [m] is strongly 
Sperner. 
bmma 7.2. if Q is a Peck poset, so is Q x [k] fw all k s 1. 
hoof. Notice that two rank-unimodal, rank-symmetric posets are compatible and 
their product is also rank-unimodal and rank-symmetric. Thus for any m 5 1, 
Qx([k]%[m])=(Qx[k])x[m] is Sp erner by Theorem 3.1, so Q x [k] is strongly 
Sperner by Lemma 5.2. 
Finally, to prove the theorem we note (P x Q) x [k] = P x (0 x [k]) is Sperner by 
Lemma 7.2 and Theorem 3.1. 
8. Counterexamples 
The conditions on the posets in our theorems cannot, for the most part, be 
relaxed (however, see the remark in Section 9j. Examples 8.1-8.5 are greatly 
simplified and may seem artificial. The construction procedure sketched below can 
be applied to these posets to yield counterexamples in which the posets have 
unique minimal and maximal elements and, hence, are connected and satisfy the 
chain condition (ix., every maximal chain has the same size). 
The procedure is: given a poset P with d nonempty ranks, PI,. . . , Pd, choose a 
sufficiently large (in the sense given below) positive integer M. Construct ti poset 
B’ by taking M disjoint copies of P together with 2d + 2 additional elements: two 
chains A, B with elements a,, . . . , ad+, in ranks 1 to d + 1 and bo, . . . , bd in ranks 
0 to df, respectively. Introduce the following additional covering relationships. 
Let a&l cover bd, a, cover b,, ai,, cover all elements of rank i in the M copies 
of P, and all elemerrts of rank i in the M copies of P cover bi- ,. Note that no 
relations among elements of copies of P have been introduced. 
It is easily verified that P has the k-Sperner property if and only is P’ does, and 
similarly for the properties of rank-uninrudality and rank-symmetry. Furthermore, 
if Q’ i$! obtained from Q by the above procedure, then P’ and Q’ are compatible 
if and only if P and Q are. 
We shall now show that if P x Q dotis not have the k-Sperner property, then 
neither does P’ x 0’. Suppose that the largest k-family in P x Q has size s and 
that the sum of the k largest Whitney numbers is t and s > t. Then P’ x Q’ will 
have a k-family of size at least sM’, whereas the sum of the k largest Whitney 
numbers in P’x Q’ is tM2 + O(Mj. For sufficiently large M, sM2 > tM2 + 6(M), so 
p’ 2 ’ is not k-Sperner and our constsucticn retains all of the desired properties 
0f thi counterexamples. 
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Example 8.1. The product of two strongly Sperner, rank-unimodal posets which 
are not compatible is not necessarily Sperner. The size of the largest rank in the 
product of the two posets pictured in Fig. 1 is 4, however, {(a, 3), (6,3), 
(c, I), (c, 2), (672)) is an antichain of size 5. 
Example 8.2. The product of two rank-unimodal rank-symmetric posets P and Q, 
where P is Sperner and 0 is strongly Sperner is not necessarily Sperner. The 
poset on the left in Fig. 2 is not 2-Sperner, and {(b, l), (d, l), (a, 2), (c, 2)) is an 
antichain in the product of the two posets of size greater than the largest Whitney 
number. 
Example 8.3. The two posets in Fig. 3 are strongly Sperner, rank-unimodal and 
compatible. Their product is not 2-Sperner: the set of all points save (6,3) in the 
product is a 2-family. 
Example 8.4. The two posets in Fig. 4 are strongly Sperner, rank-symmetric, but 
not compatible. Their product is not Sperner: {(d, l), (e, 1): (a, 2), (6,2)} is an 
antichain of larger size than any rank in the product. 
Example 8.5. The product of the strongly Sperner rank-symmetric compatible 
posets in Fig. 5 is not 2-Sperner (it must be Sperner-see (9.1)). The sum of the 
two largest Whitney numbers is 11, but {(a, 3), (b, 3), (c, 3), (a, 2), (6,2), (c, 2), 
(e, 2), (f, 2), (g, 2), (e, l), <fi l), (g, 1)) is a 2-family of size 12. 
9. Conchding remarks 
Since this pa ler was written, M. Saks has proven a stronger result than 
Theorem 3.1. H s result implies that the product of two strongly Sperner posets 
which are compatible is Sperner. It will appear in a later paper [ 131. 
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E.R. Canfieid has independently proven Theorem 3.2 by explicitly showing that 
the map A and p in the proof of Theorem 3.1 satisfy condition (iii) of Theorem 
5.3 where P and Q are rank-symmetric [Ill. 
The author:; wish to thank Daniel Kleitman and James Shearer for their helpful 
comments. 
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